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WHAT IS THIS?




WHAT IS THIS?

(1) Klein's “blue”.
(2) A rectangle.

(3) A contractible regular CW-
complex.




CW-COMPLEXES...

...have got cells:

AN

Regular: the boundary of every cell is attached by a homeomorphism.

Contractible: is homotopy equivalent to a point e



ELEMENTARY COLLAPSES...

\y Cells:

N

.. are homotopy equivalences.
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ELEMENTARY COLLAPSES

Cells:

.. are homotopy equivalences



ACYCLIC MATCHINGS

The sequence of collapses is encoded in a matching of the Hasse diagram
of the poset of cells.

AN
]

Question: Does any matching encode such a sequence?

Answer: No. For example, “cycles’ like W cannot appear.



DISCRETE MORSE THEORY
K: a regular CW-complex,
JC: the poset of cells of K,
DT:  an acyclic matching of the Hasse diagram of C,
B;: set of unmatched cells of dimension 2.

Theorem. [Foreman ‘98] K is homotopy equivalent to a CW-complex
K’ with |B;| cells of dimension i.

Moreover, the incidence coefficient [0 : T of 0 € B;11 and T € B; can
be computed as

n—1

o 7]k = Z H it Til k|oig1 : Til K

0=01>T1<02> - <0n>Tpn=T =1
where the sum is over all alternating paths

01 —T1 — 092 —T92 — ... Th—1 —Op —Tpn — T.



SOME USEFUL FACTS

Recall that a linear estension of a partial order < is a total order  such
that z < y imples x C y.

Theorem. [....] A matching 9 of a poset K is acyclic if and only if
there is a linear extension — of K where every matched pair consists of
consecutive elements.

For instance, if the CW-comples K happens to be shellable :

Theorem. [Chari, Babson & Hersh, D.‘07] Any Recursive Coatom
Ordering of the poset IC defines a linear extension and a corresponding
acyclic matching of IC such that the only nonmatched cells are the homology
cells of the given shelling.

In particular, recall the classical shellings of oriented matroids.

Corollary. [D. ‘07] For every chlice of a tope T of an oriented matroid
there is a linear extension and an acyclic matching of the poset of faces
such that T' is the only unmatched element.



ARRANGEMENTS OF HYPERPLANES
An arrangement of real hyperplanes is a set
A:={Hy,...,H,}
of linear hyperplanes in R?.
A defines a stratification of R? into open polyhedral strata, called faces .

F(A) is the set of all strata, ordered by reverse inclusion of the topological
closures: F| > F5 < F, C F5 .

supp(F) : ={H € A| H D F} be the set of all hyperplanes containing F'.

L(A) is the lattice of all intersections X = (. H for K C A, ordered
by reverse inclusion: X >Y < X C Y .

For a flat X € L(A):

supp(X):={He A| X CH}, A :={XNH|HeA\supp(X)}.



ORDER ON CHAMBERS
C(A) is the set of connected components of R%\ A, called chambers of A.

Definition. Let Cy, Cy be chambers of A.

S(Ch,Cs) C A: the set of hyperplanes separating C from Cs.
Fix a chamber Cy. The partial order

C1 <¢, C2 & S(Co, C1) € S(Co, C2)
defines the poset of regions Pc,(A) based at Cy.

The Hasse diagram of this poset ‘is’ a plane projection of the 1-skeleton of
the polar polytope.




COMPLEXIFIED ARRANGEMENTS

Let A be as before, and for every i = 1,...n choose a; € R? normal to H,;.
The complexification of A is the set
Ac :={H},...,HS} where H- := {2z € C?| (2| ;) = 0} .

The topological space we are interested in is

M(A) :=C*\ O HE.

Theorem. [Randell ‘02, Dimca & Papadima ‘03] M(A) is a minimal
space. l.e., it has the homotopy type of a CW-complex with as many
(k-)cells as there are generators in the (k-)th homology.
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MINIMAL MODELS

Two constructive approaches to minimality, both via discrete Morse theory:

1) arXiv:0705.2874 M. Salvetti, S. Settepanella; Combinatorial Morse
theory and minimality of hyperplane arrangements.

2) arXiv:0705.3107 E. D.; Shelling-type orderings of regular CW-complexes
and acyclic matchings of the Salvetti complex.



THE SALVETTI COMPLEX Sal(A)

[Salvetti '87]

Given a complexified arrangement A, consider the
oriented graph I'(A) with:

V(I'(A)) : chambers of A

E(T'(A)) contains (C', ()
iff C'1 is adjacent to (.




THE SALVETTI COMPLEX Sal(A)

[Salvetti '87]

Given a complexified arrangement A, consider the
oriented graph I'(A) with:

V(I'(A)) : chambers of A

E(I'(A)) contains (Cy,C5)
iff C'1 is adjacent to (.

e Sal(A)! =T(A)
e A k-cell [F, (] for every codimension-k face F' and every chamber C' < F.

o [F,C]': all oriented (positive) paths starting at C' and passing exactly
once (minimal) through all H O F.

Theorem. [Salvetti ‘87] Sal(A) ~ M(A).



POSET OF CELLS OF Sal(A)

Sal(A) is a regular CW-complex. The cells correspond to pairs (F, ()
where F'e F,C'e(C,F > C.

The boundary relations are such that

(Fy,Cy) C O(F1,Cy) if and only if
Fy < Fy and supp(Fy) N S(Cy,C5) =10 .

Let us call S(A) the poset of cells of Sal(A), ordered by inclusion. Then

Theorem. [Salvetti ‘87] A(S(A)) ~ M(A).

S(A) contains many copies of F(A). There is an isomorphism of posets
F(A) = Sc = {(F,K) | (F,K) < (P,C)}

for every C' € C (here and in the following P := [ A = min F).



How do the S; interact with each other?
By definition, given C1,Cs € C(A):
Sc, NSc, = {(F, K) € Sc, | S(C1,C2) Nsupp(F) = 0}
Choose B € C(.A) and consider a linear extension - of Pp(.A) . Then:

Sc\ | Sk ={(F.C") € Sc|supp(F) N S(C,K) # 0 for all K 4 C}.
KAC

Let J(C) :={X € L |supp(X)NS(C,K) #( for all K 4C'}
Lemma. [D. ‘07] ForallC € Pg(A), J(C) is an upper interval in L(A).
With X := min J(C'), we obtain:

Theorem. [D. ‘07]
S\ | Sk = F(A).

KAC



THE DISCRETE MORSE VECTOR FIELD
We have thus a decomposition

SA) =[] F¥o

CePp(A)

and we know how to construct

a total ordering —“ and an acyclic matching 91 of every F(AXC).

Let now
M = L—U gﬁc.
CePp(A)

Corollary. [D. '07] 9% defines a discrete Morse vector field on Sal(A).

Proof: Acyclicity is checked by concatenating the C’s.



NO BROKEN CIRCUITS

Recall A := {H1,...,H,} and the normal vectors a;. A set U € A is
called dependent / independent if the corresponding set of vectors is.

e A circuit of A is any minimally dependent subset U € A.
e Any set of the form U \ min U for a circuit U is called broken circuit .

e A no-broken-circuit (nbc-) set is any independent set that does not
contain any broken circuit.

e nbc;(A) is the family of all the nbc-sets of A with ¢ elements.

Theorem. [Orlik, Solomon ‘80] Foralli =1,...,n, the set nbc; indexes
a basis of H;(M(A),Z).

It is then natural to set formally nbcg(A) := {0}, and let

nbe(A) == U, ., nbci(A)



POINCARE POLYNOMIAL

...so that the Poincaré polynomial of M(A) is

Taa)(t) = ) Inbei|t!
i=0
Theorem. [Zaslavsky ‘75| For any real arrangement A:
C(A)| = |mpm(ay(—1)]-

Equivalently, [C(A)| = |nbc(.A)|.
By the pigeon hole principle:

Corollary. [D. ‘07] The Morse complex obtained from our 9 is minimal.



A BIJECTION
In 2002, Jewell and Orlik gave a bijective proof of Zaslavsky's result.

Lemma. [Jewell & Orlik, ‘02] For every choice of a base chamber B
and an ordering of A there is a bijection n: C(A) — nbc(A).

Recall that the construction of nbc relies upon an (arbitrary) ordering of A.

Definition. An ordering of A satisfies the cut property with respect to a
chamber B if it is obtained from the sequence in which a maximal chain in
Pp(A) traverses the hyperplanes.

Lemma. [D. ‘07] Every ordering of A satisfying the cut property with
respect to B defines a ( “lexicographic”) linear extension 4'** of Pp(.A).

Theorem. [D. ‘07] For the linear extension !°* we have

Xe ={(n(0).



THE FINAL MIX
o S(A) ~Wpee F(ARO),
e For every C' an acyclic matching M of F(AXC),

o Xo=1n(C),

e Lemma. [D. ‘07] dim(C N X¢) = |n(C)].

o [C(A)| = X;, rank(H*(M(A)))
Then:
Proposition. [D. ‘07] Let A be a finite real arrangement of linear
hyperplanes.  Every choice of a base chamber B and of an ordering
A ={Hy,...,H,} satisfying the cut property with respect to B defines

a discrete Morse function on Sal(A). The associated Morse C'W -complex
has faces indexed by

(Cn(n(0),C)

and is therefore minimal.



