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Lemma 1.3. Let M be a matroid of rank r on [n| and let w € R™. The following are equivalent. o
(1) M, has no loops.
(2) Every element of the ground set [n] appears in some basis of M,,.

(3) The face [Py tw] intersects the (relative) interior of r - A, S [:(P /}w V
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Definition 1.4. Let M be a matroid on [n] andtet=s=e=R". The set Roges C‘f _1 L4
B(M) = {w € R" |<M;£’ has no loops} b""""-s *’# T "“-’\ i)
is called the Bergman fan of M (see the following Proposition for a justification of this name). won'wal  w- wl \6(1"’
Proposition 1.5. We have /
, B(M) = % (f)
/gy% Zj F face Of Py %

\1/ Frelint(r- A(”));éq)
and the set of cones on the right-hand side is a subfan of the normal fa
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2. AN EXPLICIT DESCRIPTION.... \M‘*Yl‘ﬁ\s )
2.1. Sc.~( W= 3, !/0)-'1)11.,]!}0) cR

Definition 2.1. For any given w = (wy,...,w,) € R™ let us partition the set [n] into blocks, so Hopwuds: * L3 4 ¢ | 1
that elements of the same block index coordinates of w with the same value.

Precisely, consider the equivalence relation ~,, on [n] with i ~,, j if and only if w; = w;.
Let mq,...,7s be the equivalence classes of ~,,, numbered in order of decreasing value — i.e., for T,‘ . 1Lg3 -~ W*'v\/b‘* l Lr
T, = [w;] and m = [w;], we have k < [ if and only if w; > w;. T

Let us now define a chain of subsets of [n] as follows: T { '1‘23 B 3

®(w) :={F"}iz0,...s, with Fg':=0, F':=mU...Um; foralli>D0. T
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Our next goal is to prove the following theorem. ) { 3 ?-r& , 2
Theorem 2.2. A vector w € R™ is contained in Q(M) if and only if all F}" are flats of M. b :
BN

We start with an explicit expression of M, in terms of the family ®(w). I

v/
—
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Proposition 2.3. Let M be a matroid on [n] and w € R™. Then

=4 Ig w - W w W

M, = @ MIF)/F2,, $(W) {To 2 Tt G :E, - - $'4ﬂ :E"‘_}S
i=1 I v !

where {F{"}i=1,... s is as above. }/ 1T‘ 7 ol o \JTFS
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Theorem 2.2. A vector w € R" is contained in Q(M) if and only if all F}* are flats of M.
We start with an explicit expression of M,, in terms of the family ®(w). f7 [QD PS lA ’H» S MWHb \ACA
Proposition 2.3. Let M be a matroid on [n| and w € R™. Then
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where {F"}i—=1....s 1S as above.
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Proposition 2.8. Let M be a matroid on the ground set [n]. Then

#M)= | EI’JrRl,
DEA(L(M)) )

and the right-hand side defines a polyhedral fan that is combinatorially isomorphic to I'(M),

U,
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Remark-Definition 2.10. From Proposition 2.8 we have that translation by 1 preserves Z(M)
and its fan structure. Thus there is no loss of information in considering, as one often does in
tropical geometry, the Bergman fan as a subset of the quotient R™/R1. In order to study this

situation let 77 denote the orthogonal projection onto the hyperplane T' = 1+ (with equation
> ic[n) i = 0), and let

BM) =1 (BM)). =T G(n )
Lemma 2.11. We have

BM)= ] w@),
SEA(L(M))

where the union on the right-hand side defines a (simplicial) fan structure that refines the coarse
structure given by {77 (Nip,su]) bwer (see Equation (1)).
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Remark-Definition 2.12. The fan %(M) is the cone over a cell complex denoted by %(M) and
called the Bergman complex of M (one way to see this is to think about Z(M) as the intersection

of (M) with the unit sphere in 7). In order to express this complex, for a given family ¢ C 2[n]
of subsets of [n] let

7® = conv{er | F € ®}, y(M) = U 72,
PEA(L(M))
Proposition 2.13. Let M be a matroid.

(1) The collection {V(D}@eA(Z(M)) defines a structure of simplicial complex on the space (M ).

(2) The projection wr induces a (linear) isomorphism of simplicial complexes between (M)
and mp(y(M)) = U@eA(Z(M)) mr(y?).

(3)

PB(M) = conenp(y(M))

Proof. Exercise.
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